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Abstract

Necessary conditions for the existence of global solutions to certain 2 x 2-
systems of fractional differential equations are presented. It is demonstrated
that fractional derivatives of lower order have a strong influence on the
character of the solutions. Our method of proof relies on a suitable choice
of the test function in the weak formulation of the solutions to the system
under study.
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1. Introduction

Recent studies, see for example [5, 6, 7] and their extensive list of refer-
ences (articles and books), demonstrate the role played by fractional deriva-
tives in the mathematical modeling of various practical situations in me-
chanics, physical chemistry, biology and finance.

In this article, we want to present exponents threshold for the existence
of global solutions to the system of equations containing fractional deriva-
tives
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{au/(t) + 0D§ (u—wug) = f(t)|v|?+ F(t), t>0 )
co'(t) + dDj (v—wv) = g(t)[ul+G(t), t>0

subject to the initial conditions
u(0) = wo, v(0) = vp, (2)

where 1 < p,q, 0 < a, 3 < 2, a,b, c,d are constants, the functions f(t), g(t)
are positive functions for ¢ > 0, while F'(¢) and G(t) are given functions with
nonnegative averages. There is a number of interesting articles dealing with
local existence, existence of global solutions and their behavior, blowing-up
solutions, estimates of the interval of existence, and lower-bounds of solu-
tions for various equations of Abel or Volterra type that are connected to
fractional differential equations, see [1, 2, 3, 4, 5, 8, 9]. For systems of frac-
tional differential equations we are concerning, the interesting dissertation
[8] deals with local and global existence under natural conditions (sub-linear
growth of the nonlinearities).

The type of the nonlinearities in system (1) appears in systems de-
scribing processes of heat diffusion and combustion in two component con-
tinua with nonlinear heat conductance and volumetric release (they read
ur = Au+ v, v; = Av + uP, the sub-script ¢ stands for the time deriva-
tive, while A is the Laplace operator). So, the chosen nonlinearities may
be viewed as a prototype of nonlinearities. Other choice could be u"v? and
uPv® or eV and e“.

By choosing a =c= f(t) =g(t) =1, F(t) =G(t) =0,and b=d =0
in (1) we obtain the particular system

/ = q
{u(t) v, t>0‘ (3)

v'(t) = P, t>0
This system has, for pg > 1, the solution
u(t) = CL (T — t)—(q+1)/(pq—1)’
v(t) = Co(T™* — t)—(p+1)/(pq—1)’
for 0 <t < T™M% < oo, where
C = [(p +1)9(q+1)/(pqg — 1)q+1] 1/(pg—1) ’
Co = [(+ Dla+ 17/ (pg — 1]/

For pq > 1 the solution blows-up in the finite time
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However, the particular system containing only fractional derivatives,

D, (u—ug) = |v|?, t>0,
{ 0+ (4)

DYy (w—w) = [ufP, t>0,

has, for pg > 1 the blowing-up solution (due to Trujillo [11] in case of a
single equation)

u(t) = Cra (T — ¢)~(atad)/(pa=1)
v(t) = Ca.05( ag t)—(ﬁﬂm)/(pq—l)

for0<t< To’fgx < 00, where

o _( T+1) Tlo+1) \reT
Lol =\ T(5+1- ) I'o+1-a) ’

and
p
o _( T+1) Tlo+1) N
200 = \T(6+1-0) To+1—a) ’
with
pa+ 3 q0 + «
- ) 0= — .
pq—1 pq—1

The blow-up time for this system is
a(l-p)—B(1—q)

mar __ <02706ﬂ U()> pa=t
o, - )
’ Cla,p Vo

which tends, when o — 1, 5 — 1, to T,

For the system (1), no explicit solutions are available. In this paper we
present a result concerning necessary conditions of existence.

The proof is based on a suitable choice of the test function in the weak
formulation of the problem.

2. Preliminaries

We start by introducing some definitions and preliminary results needed
for the principle result. For 0 < a < 1, we define the left-handed and right-
handed fractional derivatives in the Riemann-Liouville sense by
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o _ 1 4 flo)
| Do 1) = F(l—a)d/o (i = o) 1%
a _ —1 d f( )
D110 =y ), °
respectively.
pIt is sh}(;wn in [10], Lemma 2.2, t?z(xt)for fe I;C('([)O,T]),
o B 1 0 Eoflo
P8I0 = gy e ] o

See also [7]. Note that
by
DEF = 10N = 5y [ g o = DB,

(1-« t—o)
which is the Caputo derivative of f. For the right-hand derivative, we have
1 f(T) / T f(o)
D _f(t) = — do| . 7
] [y A et @

It is shown in ([10], Corollary 2, p.46) that for functions f, g € C(]0,t]) with
Dg. g, Dg_ f exist at every point in [0,T] and are continuous, we have

/f ) DS, g(t dt/DTf (t) dt

which is a formula for integration by parts.

To announce the preparatory lemmas, let

_ A
= {{TUUSEE e

Then we have the following
LEMMA 1. Let ¢(t) be as in (8). Then

AL\ — )
A—a+1)T(A—2a+1) )

T
/ DY_o(t)dt = Koy T, Koy =
0

P roof. Using (5), we compute

A T (T — O')A_l
DS _p(t) = ——-— T ——— do.
o) = ;g /t (-t
Using the Euler change of variable
o—t
y =

T—t
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we can write

1 _ 2 \A—a—1
Df_p(t) = F(l)\—oz) T (T - t))‘a/o U?;)a .

The last integral is the Beta function of Euler:
/1 (1—y)rat dy— I'(A—a)l(1-a)
0

Yo YT —2a+1)
Thus,

Df )= 1y Sy TN 0

By integration we obtain the result.
LEMMA 2. Let ¢ be as in (8) and p > 1. Then for A > p —1,
T
/ P P (O dt = Ay TP,
0

where

AP

Apy=—-—.
P X+1-p

For A >ap—1,
T
/0 P P() [IDF_ ()P = Ap o TP,

AP FrA—«a p
Ap704 = )\+1—po¢ |:F(A<<F172)a)i| :

P roof. Using (8), we have

285

(10)

(11)

/OT PP () [ () dt = /OT 2@ -] XX -0 a

T
— )\pT—/\(l—p)T—Ap/ (T — t)A=P)+O=1p gy
0

T T/\Jrl*]’ AP
= NPT / T —t)*Pdt = N7 = -r,
0 ( ) A4+1—p AX+1-p
Using (8) and (10), we compute
T
| e et i
AT\ — @) P

T 1—p
:/0 [T A(T—ts)k]

'A—2a+1)

TMNT —t)*2| dt
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A (1— AL\ — ) N _ _
_ A(1-p) A _ A\A1-p)+p(A—a)
=T [F()\ S0+ 1) T } /0 (T —1) dt

_ p T _ p A+1—pa
[ Ar(A-a) T"\/ (1 gy gy [ L0 =) 1770 T |
F'A—2a+1) 0 A —2a+1) A+1—pa
]

REMARK 1. Note that the bound in (11) is a limiting case of the bound
in (12) as o — 1. Moreover, since I'(¢) is increasing for ¢ > 2, for A > 3 we
have

Apa <Ay
For the rest of this paper we assume

A >max{3,p—1,¢q—1}. (13)

For clarity, we consider first the case a = b = ¢ = d = 1 (this is possible
by a scaling argument), f(t) = g(t) = 1, F(t) = G(t) = 0 in (1). We will
comment on this choice later. The reduced system we have, is:

u'(t) + Dgy(u—u) = [v|4, t>0,
{ V() + Dg+(v —vg) = JulP, ¢t>0.
It is classical to show (see [8]) that system (14) subject to conditions (2)
has a solution

(14)

(u,0) € (CH0, Tynaz) N C([0, Trnaz))?
with the life span T},q, such that Th,q. + . liTm {Ju(®)| + |v(t)|} = +o0.

In what follows, we treat separately the two cases 0 < a,3 < 1 and
l<a,p<2.

3. The case 0 < o, < 1

3.1. The main result

The main result is given by the following theorem.

THEOREM 1. Let 1 < p,q and ug > 0, vg > 0, then if
1 1
L N Y (15)
pq p pq q
the system (14) subject to (2) admits no global solutions.
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P r oo f. Our proof is by contradiction. Let (u,v) be a global solution
and ¢ as in (8) with the restriction (13) on A. It is easy to see that (u,v)
satisfies

T T T T
/ [v|Tp + ug <1+/ D%_cp) = —/ u«p'+/ uDF_p, (16)
0 0 0 0
T T T T
/ [ul” ¢ +vo <1+/ Dj_ > = —/ vg0’+/ vD . (17)
0 0 0 0

Using the Holder inequality, we have

T T T 1/p T ) )
/w'=/ ucpl/pw”%’é(/ M”@) (/ sop/plw'lp>
0 0 0 0
(18)
T T 1/q T / / 1/q
[ree < ([me) ([ o) a9
0 0 0
T T 1/p T / / 1/p
/ uD‘%_sOS</ uw) (/ w-p/pw%_ww) L @)
0 0 0
T 5 T 1/q T , 5 / 1/¢
/ vDT_w§</O W) (/0 so-q/quT_go\q) L@

where p+p' =pp’ and ¢+ ¢ = qq'.

Let
T T
I::/ [ul? ¢, J::/ [v|? o,
0 0

T T
A= gp—p’/p |<)0/|p’7 B .= / gp—q’/q |<,0’|ql,
X 0

1/p’

and

0
T
cim [ Dg gl D= [ Dl
0 0
We use (18), (19), (20) and (21), to write (16) and (17) in the forms
T
T + uo (1 + / D%_w) < TP (Al/l” + cl/p’) : (22)

0

and

T
T + o <1+/ Dggo) < gl (Bl/q'+D1/q'>. (23)
0

Using inequalities (22) and (23), we obtain the inequalities
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J T (A et (24)
and
< gYe <[51/Q' +Dl/q’) 7 (25)
from which we have
jl_ﬁ < (Al/p’ _|_Cl/p’> (Bl/q’ _,_Dl/q’)l/p, (26)
and
1—L 1/ 1/p 1/q 1/4' 1/d'
T pq§<A/p+C/p> (B/Q+D/q). (27)
Using the elementary inequality
(x+y)"<aV/m 4yt r>1, 23>0,y >0,
we estimate the inequalities (26) and (27) as
g < (A +cv) (B 4+ Do), (28)
and
T < (AW o) (BY +D7 ). (29)
From Lemma 2, with A > max{p’,¢'} — 1, we have
A=Ay TV, B=AyT'7, (30)
C= Ap/,Oé Tliap,v D= Aq’ﬂ Tliﬁq/a
and thus (28) takes the form
TV < Ky (T +T%2 4 T% + T%), (31)
where
i1 1 o1 1 1 1 1 11
K1 =max d AP APY APT AP AP APY AP APY L AP AP
1 P g g e B B a8 P g
and
§1 = — qu%-% y S22 = — i-ﬁ-% t+tl-a=s1+1—-a,
§3 = — piq—l—% , S84 = — i+% +1l-a=s3+1-aq.

Note that s1 < s3 < 0 and sy < s4. Thus J is bounded for s, < 0. This is
equivalent to

1
1——§a—i—é. (32)
bq p
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Now, from (23),
T
v / Di < gV (Bl/q’ + Dl/q’) :
0
From Lemma 1 and (30),

v < KgaTP1 gl (Bl/q’ +Dl/q'>
< KJVI(T* +T%), (33)

where

1 1 1 1
21=-2+0+—5=-1+8--<0, zp=-14+—-=—-<0, (34
q q q
and
1
AT K1
K—A(‘;, Kg,.
When T — oo, we obtain the contradiction 0 < vy < 0.

A similar analysis could be performed by showing that 7 is bounded
when

1
pq q
which leads via (22) to the contradiction 0 < up < 0. ]

3.2. Remarks

REMARK 2. We can obtain a bound on the blow-up time as follows.
Since s4 = max;{s;}, we have from (31)
p psq
TV < (4K,)pa—T Tra-1,
Moreover, from (34), we have z; < zo. It follows from (33) that
vy < Cv Tsa
where

_pP
s POEB o o ottt KT K.
1 —pg

So, a bound on the blow-up time is given by
1

Vo B
T,=(—=] .
(@)

A similar bound can be obtained in terms of ug given by
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Uug
T, = (=~
(@)

The bound on the blow-up time is then given by the min {T,, T,}.

wyl=

REMARK 3. We can obtain the same result with the less restrictive
condition
ug + vg > 0.

REMARK 4. When system (1) is considered, the analysis above shows
that the proof goes through, if the conditions on the terms F' and G

/0 Plt)dt > 0, /0 Glt)dt > 0

are imposed. Of course, the threshold exponents will depend on the behavior
of the functions f(t) and g(¢) at infinity.

To explain this point, let us recall the weak formulation of solutions to
the system (1)

T
/F s0+/f )o@ 4 ug <1+/ Dy w) /uso+/ uDT_¢,
/G SD*/ g@®)|ulP ¢ +vo (1+/ D§_¢>=/ v«p'+/ vDéi_go.
0 0 0

If, for example,
f@) >t t>1 for 13 >0,

f@)y>t2, t>1 for Iy >0,

then one has to use the estimates

T ) 1/p T ) 1/p
/ruuws( | P eatt ) (/ p%) ,
0 0
T 1/p T 1/p’
/0 \UHD%_M§< ul? gt ) (/0 o) 7P| @Ip) |
1/q T 1/q¢
"l s( o]7 £ ¢> (/0 q/qw) ,
1/q T 1/¢
/O o] D2 so|<< ol f(t ) (/0 )1 DS w\q> .
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When the scaling argument is used as before to conclude, it appears that
the behavior of f(t) and g(t) will have an influence on the exponents.

Let us pass now to the second case.

4. The case 0 < p,g <1

In this case because the nonlinearity is sub-linear, as it is expected the
solutions are global.

THEOREM 2. Let ug > 0, vg > 0, and 0 < p,q < 1. Then any solution
to system (14) emerging from (ug, vo) is global.

P r o o f. Integrating the first equation of system (14) from € to ¢, we
obtain

ult) + /: Dg, (u—up) = u(s) + [ P

or

w+ [ G0 | G e e [,

which leads to the estimate

u(t) < /OE (U(T) Fule) + —20_pl-a /gtv”.

e—1T) -«

If |u|oo, 7 := maxo<i<7 u(t), for any T > 0, then we have the estimate

61—04 Up o q
|Uoo,r < —a |uloo,r + u(e) + - + tolse - (36)
Similarly, we obtain, via the second equation of system (14), the estimate
1-8 o
[V]oor < . a|v|°°’T +v(e) + mtlfﬁ + tulfy 7 - (37)

Inequalities (36) and (37) can be arranged in the form

1-— 51 luloor < u(e) + 17‘_—0at1_°‘ + t|v go,T
1 __ €&

11—«

—Q
-5 ~ (38)
T ) oleor < w(e) + 25t tul?

As0<p<1land0<qg<1, the system (38) allows to obtain the a priori
estimates
|U|oo,T S A(t)v |U|00,T S B(t)

with two continuous functions A(t) and B(t) that are easy to compute.
Whereupon, any solution emerging from the initial data (ug,vg) is global.
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However, in the case where 0 < p < 1,0 < g < 1, one may expect

extinction of any solution, i.e., there exists a time ¢, > 0 such that wu(t)

and v(t) = 0 for any time ¢ > t,.

5. The case 1 < o, 3 < 2

5.1. The main result

Weseta:1+&andﬂ:1+§with0<&,ﬁ<1.

The main result of this section is the following

=0

THEOREM 3. Let 1 < p,q, 1 < o, < 2 and ug > 0, vg > 0, then the
system (14) subject to (2) and u/(0) = u1,9 > 0,v(0) = v190 > 0 admits no

global solutions.

P r oo f The weak formulation in this case reads:

T T T
/ |U|q90+uo{1+ / D%%(t)}w,o | e o
0 T 0 T 0
— [Cuty Do) - [ us
0 0
T
/ |u|ng+v0{1+/ D”ﬁ ()}+v1,0/ t- DHﬂ o(t)
0 0

:/OTvu)D;*%() /OT v

With the choice of the test function ¢ as in (8), we clearly have

/OT DIFoo(t) = — /OTD -DY_o(t) = —D‘%?_go(t)\g _ (Dgup) (0).

Recall that

AL\ — @)
T(1+ - 24)
So, in particular, (D§_¢) (0) = %T*a.

On the other side,

T ~ T
| e oiFew = [ 10 DF o) /DTso
0 0

Now, for example, (39) can be rewritten in the form

Df_p(t) = T2(T — 1) 7

(39)

(40)
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T ~
AL\ — . N
/ [v|%p + ug (1 + Tt o8 ( @) )T7°‘> +u1p K@ATl*o‘
0

1+ X—2a
T ~ ( tr / “ (41)
— [ u Dy - [ e
0 0
Following the same lines as in the first part, we obtain the estimate
T ~
AN — ~ ~
/ ‘U’q(,@ —+ ug <1 + (a)NT_a> + Uu1,0 Ka )\Tl_a
0 L1+ A—2a) ’ (42)

T p B
< < / |u\pg0> (ClTl‘p' + CQT1—<1+a>p’) < OB,
0

where B = Tlfp/(l + T*ap/), (4, Cy, are constants and C' := max {C1, Cs}.
If we set
D=1\ (1 + T—W) ,

we may then write the inequality (C' is a constant that may change from
line to line)
J+A <CBI.

with a clear meaning of A.
We can obtain a similar inequality via (40)

P+ C<CDJ.

with a clear meaning of C.
So,
J1+A< CBI
{ P+C< CDJ

from which we can easily obtain the estimate
/ —q ~ a2 1
JUr <oV (1) (1478

where C > 0 os a constant. The requirement p > 1, ¢ > 1 leads to a
contradiction when we let T' — +o0. [ ]

/q

5.2. Remarks

REMARK 5. The intermediate case 1 < o < 2 and 0 < # < 1 can be
handled in the same manner as the cases treated here. We refrain to give
the details.
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REMARK 6. Let us mention that our analysis may be used to tackle
the more general system

SN D (@O — ) + M DI O — o) = £l o),
{ STt Do (0 —ugt) + Sy DY () —ug) = falt[ul, o),
t > 0, where 0 < ay, 3, 0;,04, 0 < m1 < m;(t) < mg < 0o, 0 <ny <ni(t) <
ng < 00,0 <l <Ii(t) <ly<oo,0<ky <ki(t) < ke < oo, and with either
Fr(t lul, [o]) = et ulPt + eat” |ulP2,
{ fa(t, lul, [v]) = cat?s[ulP® + cqt?fofPt,
for t > 0, where 0 < c1,c2,c3,c4, 0 < V1,02,93,94,1 < p1,p2,p3, P4, OF
Fi(t lul, [o]) = dat”t ulPr o2,
{ fa(t, Jul, [v]) = dot”[u[?s [v]P2.
with 0 < dy,ds,Y1,v2,1 < p1,Dp2, D3, D4

REMARK 7. Let us stress again that the study of systems containing
fractional derivatives can be drastically different from that of systems of
ordinary differential equations; here is an example: it is easy to see that the
System

"(t) = uPo® t>0,

——
IS

V() = wPo® t >0,

u(0) =up >0, wv(0)=mwuy >0,

q2/72
u'(t) = uh (:? m 7“2(3’0) t >0,
4 — p2 [ T1,T2 a/m
v'(t) = o (" + G t>0,
where we have set
ut "2 ult 2
A ML | RS
1 ) 1 )

that is easy to handle. However, we are unaware of a method that can
decouple systems of nonlinear fractional differential equations.
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6. Numerical analysis
For the numerical treatment of the system, we write (14) in the form
u'(t) = —D§ (u—wug)+|v[?, t>0,
{ V(t) = —Déi(v —vg) + |ulP, t>0 “3)
which views D, (u — up) and Dg (v —wp) as perturbations.

Next we write

£
S
~
N~—
I

U —i—/o {-D§, (u—u)(o) + |v|?(c)} do, t >0,

vy + /Ot {—Dg+(v —vp)(o) + |u]p(0)}da, t>0,

and use the iterative scheme

<
~

~+
SN—

I

t

uW) = wot [ {-DE O — o) + 1o Do)t} doy
0
t

o™ (t) = v+ / {~D8 ("™ —w)(o) + [u" V(o) '} do,
0

for n = 1,2, ..., starting with u® = g, v° = vy.

The figures show the blowing-up character of the solutions for various
values of the parameters.

1,284 16674

1267+

L e e e e e e e e e DL e e e e e e e e e e e e ]
-10 5 5 10 -10 5 5 10

Figure 1: Curve u® at left, and curve v® at right, when
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